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Abstract.
In our research, we are concerned with sensing the environment using mo-

bile robots. This enables selection of optimal sampling locations in order to pro-
duce maximum information about the environment. Selectionof sampling loca-
tions plays a key role in hospital environments, for example, where humidity and
temperature levels or carbon dioxide concentration may require regular monitoring.
On the other hand, the accuracy of a regression model dependson the sampling
locations, which is significant, for example, in planetary exploration.

In geostatistics optimal spatial sampling strategies search for sensor locations
that produce minimal variance in estimates with a restricted number of sensors.
Minimal variance is achieved, for example, by minimizing the conditional entropy
of unobserved locations, where the environment is modelledusing Gaussian pro-
cesses.

In this paper, we propose an experimental environment for optimal spatial sam-
pling using mobile sensors. Mobility reduces the reliability of sampling locations
due to odometer failures, which again reduce the likelihoodof the model. We have
resolved this problem by building an experimental environment where a ceiling
camera vision system provides multi-robot localization inan area measuring ap-
proximately 240 x 160 cm. Preliminary experiments compare optimal spatial sam-
pling for both stationary and nonstationary models using scalar measurements of
ambient light and magnetic flux density.

Keywords. Non-stationary Gaussian Processes, Distributed Sensing,Environment
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Introduction

Gaussian processes have a long history in geostatistics in the context of interpolation,
where the method is known as kriging [10]. Later, the machinelearning community
adopted Gaussian processes [16] for regression problems, where they enabled reasonable
interpretations for predictions of models, yet provided a simple and sufficent choice of
models. In the field of robotics, Gaussian processes have recently attracted attention in
terrain modelling [9], for example, since they allow prior knowledge of the environment
to be taken into account in the model.

Gaussian processes are also useful in distributed sensing scenarios, like in hospital
environments, where humidity and temperature levels or carbon dioxide concentration



may require regular monitoring with a restricted number of sensors. On the other hand,
in spatial sampling, for example in planetary exploration,the accuracy of the regression
model depends on the sampling locations. In our research, weare concerned with sens-
ing the environment using mobile robots. This enables selection of optimal sampling
locations in order to produce maximum information about theenvironment.

In geostatistics, optimal spatial sampling [3] searches for sensor locations that pro-
duce minimal variance in estimates with a restricted numberof sensors. Correlations be-
tween the samples are modelled using a Gaussian process [14], which is a generaliza-
tion from probability distributions to functions: a mean function describes the expected
value and a covariance function, the variance in an estimateat a given location. Minimal
variance is obtained by minimizing the conditional entropyof unobserved locations [15],
which is analogous to maximizing the entropy of sensor locations. An alternative ap-
proach is to maximize mutual information [8] between samples, which leads to samples
focused closer to the centre of the sampling area.

In this paper we propose an experimental environment for a study on optimal spatial
sampling strategies using mobile robots. The experimentalenvironment is a restricted
area where mobile robots can measure ambient light and magnetic flux density and place
the measurements onto maps. Mapping and optimal sampling use a centralized control
system aided by roof camera-based localization. Control and sensor information between
the robots and the control system is supplied through radio communication. Section 1
briefly reviews the theory of Gaussian process regression and Section 2 introduces infor-
mation about theoretical criteria in optimal spatial sampling. Section 3 presents the ex-
perimental environment with some preliminary results of optimal spatial sampling with
two different data sets: one from ambient light and the otherfrom magnetic flux density
measurements.

1. Gaussian processes

A Gaussian process [14] can be seen as a collection of candidate functions that model
the environment. The range of functions is restricted by a covariance function and the
most probable function is described by a mean function. Formally, a Gaussian process is
defined by a mean function (1)

µ(x) = E[f(x)] (1)

and a covariance function (2)

c(x, x′) = E[(f(x) − µ(x))(f(x′) − µ(x′))] (2)

wheref(x) is a random function obeying the Gaussian process (3).1

f(x) ∼ GP(µ(x), c(x, x′)) (3)

We can imagine a functionf(x) as a finite dimensional vectory, where each random
variableyi in some orthonormal basisei corresponds to a function valuef(xi). Thus,

1Bold lowercase characters denote vectors and uppercase matrices. Not bolded italic characters stand for
scalars and constants.



a Gaussian process defines a joint distribution of random variablesp(y1, y2, · · · , yn)
with a mean value vectorµ = (µ1, µ2, · · · , µn) and a covariance matrixCnn with
elementscij = cov(yi, yj). In order to define a continuous covariance function, we
can use integral operators to define the correlation betweenbases. Thus, the covariance
among function values is given by

cov(yi, yj) = E[(f(xi) − µ(xi))(f(xj) − µ(xj))]

= E[(f(xi) − µ(xi))k(xi, xj)(f(xi) − µ(xi))]

= var(yi)k(xi, xj)

where the kernel functionk(xi, xj) must be symmetric, positive and definite.

1.1. Gaussian process regression

A Gaussian process defines a prior probability distributionover functions before any ob-
servations are made. This leads to a Bayesian inference, which in this context is known
as a Gaussian process regression. In the Gaussian process regression we try to estimate
the most likely posterior distribution over functionsf(x), conditioned on measurement
functionz(x). For a multivariate Gaussian distribution we have that the conditional dis-
tribution is given by a conditional mean (4)

ŷn = µn + Cnm(Cmm + σ2

zImm)−1(zm − µm) (4)

and a conditional variance (5)

var (ŷn − yn) = Cnn − Cnm(Cmm + σ2

zImm)−1Cmn (5)

whereσ2

z is the measurement variance (independent measurements) and m is the number
of measurements.

1.2. Stationarity

A Gaussian process is said to be stationary if its mean and covariance functions are in-
variant to translations, i.e.,µ(x) = A andc(x, x′) = c(x−x′). The stationarity assump-
tion is somewhat artificial, since nature provides spatial information that is inherently
irregular but yet continuous. In order to obtain a more accurate model of the environ-
ment, one could try to learn the parameters of the model basedon experience. This leads
to non-stationary Gaussian processes, where the mean function is defined by parameters
and the covariance function, by hyperparameters. A covariance function restricts models
to those that do not violate the definition of symmetric positive definiteness.

The literature [14] provides many non-stationary versionsof covariance functions.
In this study we adopted theHSK covariance function (6) [6], [13]

c(xi, xj) =

∫

R2

k(xi, u)k(xj , u)du (6)

which uses local kernel functionsk(v, u) centred on locationv. If each of these are
given through Gaussian kernels, i.e,



k(v, u) = (2π)−1/2|Σv|
−1/2 exp

(

−
1

2
(v − u)T

Σ
−1

v (v − u)

)

the covariance function can be given as (7)

c(xi, xj) = S(xi, xj) exp

(

−
1

2
(xi − xj)

T (Σi + Σj)
−1(xi − xj)

)

(7)

whereS(xi, xj) = (2π)−1/2|Σi + Σj |−1/2.

2. Optimal spatial sampling

Optimal experimental design for spatial sampling [3] applies the theory of optimum ex-
perimental designs [1] to stochastic processes, typicallyto Gaussian processes. The prob-
lem is to select the sampling locationsX ∗ = {x∗

1
, x∗

2
, . . . , x∗

m} that provide maximum
information about the environment. In stationary Gaussianprocesses, optimal sampling
is suggested to correspond to regular sampling with evenly distributed sampling loca-
tions [12]. In non-stationary processes one could intuitively argue that in optimal sam-
pling the sampling locations should be distributed so that we get more information from
areas where the data are less spatially correlated, and viceversa.

2.1. Maximum Entropy Sampling

In maximum entropy sampling [15] the objective is to minimize uncertainty in unob-
served locations. Now we state that the variablesu andv are members of observedU
and unobservedV sets, respectively, and for the sets we have thatV = X \ U where
X = {x1, x2, . . .}. Minimal uncertainty is obtained by selectingm sampling locations
X ∗ so that conditional entropy is minimized. This is equivalent to maximizing the en-
tropy of a random functionf(x) in sampling locations (8)

X ∗ = argmin
U

H(f(v)|f(u))

= argmin
U

(H(f(x)) − H(f(u)))

= argmax
U

H(f(u)) (8)

whereU ⊂ X : |U| = m.
For a Gaussian processf(x) ∼ GP(µ(x), c(x, x′)), the entropy at locationsU is

given by (9)

H(ym) = −

∫

p(ym) log p(ym)dym

=
1

2
log((2πe)m|Cmm|) (9)

whereym = {y1, y2, . . . , ym} andyi = f(ui). Thus, maximal entropy in the sampling
locations is obtained by maximizing the determinant of covariance matrixCmm, which
is one form ofD-optimal design [1], [2]. However, this is aNP-hard problem, for which
reason the following greedy heuristic [8] is typically used:



Start with an empty optimal setX ∗ = ∅ and a full retrieval setU = X
Add on each iterationi the locationx∗

i that has the highest conditional entropyx∗

i =
argmax

u
H(f(u)|f(X ∗

i−1
))

Remove on each iteration the optimal location from the retrieval set U = U \ x∗
i

Finish with an optimal set of locationsX ∗ : |X ∗| = m

which follows from the chain rule of entropy (conditional entropy), i.e,

H(f(X ∗

i )) = H(f(x∗

i )|H(f(X ∗

i−1
))) + H(f(X ∗

i−1
)).

In the previous section we found that the conditional distribution of a Gaussian process
is given by a multivariate normal distribution with a mean (4) and variance (5), which
for a single random variableyi = f(ui) is given by a 1-dimensional normal distribution.
As given by (9), we are now searching for the locationui that maximizes the conditional
variancevar(yi|f(X ∗

i−1
)) = var(yi)−cov(yi, f(X ∗

i−1
))var(f(X ∗

i−1
))cov(f(X ∗

i−1
), yi)

on every iteration.

3. Experiments

In our experiments, a distributed multi-robot sensing system was used to collect scalar
maps of ambient light and magnetic flux density. These data were further used in simu-
lated optimal spatial sampling for both stationary and non-stationary models. The accu-
racy of the models was measured by the integrated mean squared error (IMSE) between
the models and the maps. We assumed that optimal spatial sampling using non-stationary
Gaussian processes would provide more accurate models thanstationary processes. The
following subsections present the experimental environment, data acquisition and simu-
lation results, respectively.

3.1. Experimental Environment

In spatial modelling, mobile sensors provide an opportunity to select sampling locations
that maximize the accuracy of the model. However, mobility reduces the reliability of
the sampling locations due to odometer failures, which again reduce the likelihood of
the model. Therefore, we built an experimental environmentthat provides an opportunity
to study spatial modelling with known sensor locations. Theexperimental environment
was realized using roof camera-based multi-robot localization, remote-operated robots
and a central computer that performed data acquisition, robot control and environment
modelling.

The multi-robot localization [11] was based on colour segmentation, which proved
to be an efficient and reliable method. In order to localize and identify each robot from a
roof camera image, localization discs (Figure 1) were mounted on top of the homogenous
robots [4]. The segmentation algorithm exploits an HSV colour space with the V channel
discarded for better tolerance against changes in lighting. The hue and saturation of each
pixel was compared against preset minimum and maximum thresholds. The robot can-
didates with a large enough area were found using connected component labelling. The
smaller rings under the robot area were sought in a similar manner in order to identify the



Figure 1. Three different localization discs attached to homogenousrobots.

robots. The orientation of the robots was calculated as the angle between the centroids
of the rings.

The segmentation algorithm provided multi-robot localization on image coordinates
as presented in Figure 2. In order to find a transformation between image and metric
coordinates, the camera was calibrated using Heikkilä’s Camera calibration toolbox for
Matlab [5]. Based on the calibration, one pixel in the image was judged to correspond to
ca. 2.3 mm in the metric coordinate system. The remaining distortion, occurring espe-
cially near the image corners, was further reduced by nonlinear transformation resulting
from curve fitting.

Figure 2. A Roof camera localization in a three-robot system

The accuracy of the localization system was evaluated for both position and orienta-
tion. Accuracy was measured on a plane in ten positions chosen on the basis of system-
atic unaligned sampling [7]. Table 1 presents the results oflocalization accuracy. The lo-
calization method reached a frame rate of 18 FPS with a resolution of 1024 x 768 pixels
on a 3 GHz P4 desktop computer. The presented experimental environment can provide
simultaneous localization for up to six robots with virtually unaffected performance.



Table 1. Observed localization errors

Position, x
axis

Position, y
axis

Orientation

Maximum ab-
solute error

3.8cm 4.4cm 13.7 deg.

Mean absolute
error

1.6cm 1.7cm 4.7 deg.

Localization
standard devia-
tion

0.1cm 0.1cm 2.9 deg.

3.2. Data acquisition

The environmental data were acquired using a group of three robots. The robots moved
arbitrarily in an area measuring approximately 180 x 160 cm while measuring ambient
light and magnetic flux density. Furthermore, this data was stored and averaged on scalar
maps containing 288 samples with a 10 cm grid. These maps are presented in Figure 3(a)
and Figure 3(b). The units of ambient light and magnetic flux density were scaled and do
not correspond to true luminance [cd/cm2] or magnetic flux density [T].
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Figure 3. Scalar maps

3.3. Simulation results

Optimal spatial sampling simulations were performed for environmental data collected
in advance using robots. The stationary models used a Gaussian kernel (10)

k(xi, xj) = (2π)−1/2|Σ|−1/2 exp

(

−
1

2
(xi − xj)

T
Σ

−1(xi − xj)

)

(10)

where the variance hyperparameter was given a constant value

Σ =

[

4000 0
0 4000

]

.



This kernel was also an initial estimate for each local kernel in the non-stationary Gaus-
sian processes. For both ambient light and magnetic flux density simulations, the mean
value functions in the Gaussian processes were set to a constantµ(x) = 100 LSB.

For local kernel adaptation in the non-stationary Gaussianprocesses we used
bounded linear adaptation with evaluation structure tensors [EST], as presented in [9].
However, in our simulation local gradients had to be calculated from interpolated values,
in contrast to [9], who were able to use all the collected samples in the adaptation. Es-
pecially at the beginning of the sampling, this caused overestimated spatial smoothness
in some interpolation areas. Thus, for maximum entropy sampling these areas seemed
to provide a small amount of information and they were undersampled. To overcome
these difficulties, the learning rate and the hyperparameter boundaries were given values
η = 0.2, σmin = 3000 andσmax = 5000.

Figures 4(a) and 4(b) present 50 optimal samples in ambient light and magnetic flux
density interpolation, respectively. These samples were selected by maximum entropy
sampling for both stationary and non-stationary models. Inthe stationary models the
optimal samples are distributed uniformly over the sampling area, whereas in the non-
stationary models the sampling locations are focused more on the areas with the greatest
gradients, i.e., on the areas that provide the most information about quantity.
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Figure 4. Optimal sampling locations

Figures 5(a) and 5(b) present integrated mean squared errors as a function of the
optimal samples up to 50 samples. The integrated mean squared errors were obtained
by comparing the interpolation results with the maps. The IMSE of ambient light in-
terpolation was nearly equal after 50 samples for both models which results from the
smooth variation in spatial data. The IMSE of magnetic flux density interpolation was
slightly smaller for the non-stationary model. However, the difference was not statisti-
cally significant. Figures 6(a) and 6(b) present stationaryinterpolation, and Figures 7(a)
and 7(b) nonstationary interpolation in a 50-sample optimal spatial sampling. We believe
larger data sets with more variation would bring out the advantages of the non-stationary
models.
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Figure 5. Integrated mean squared errors
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Figure 6. Stationary interpolation

4. Conclusions

In this paper we presented an experimental environment for optimal spatial sampling in a
multi-robot system. The environment enabled research on optimal spatial sampling using
distributed and mobile sensors. The experimental environment was realized using roof
camera-based multi-robot localization, remote-operatedrobots and a central computer
for data acquisition, robot control and environment modelling.

In the simulations, the accuracy of optimal spatial sampling was measured for both
the stationary and non-stationary models. Although the results did not show a clear ad-
vantage of the non-stationary models, authors believe thatgiven larger and more variable
data sets the difference would have been more significant. The simulation results en-
courage the authors to develop actual optimal spatial sampling methods for multi-robot
systems. Such a research area contains not only optimization of information, but also
optimization of measurement time, travelled distances, etc. Outdoors, aided with GPS
localization, these methods could measure pH levels or the oxygen content of water, for
example.
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Figure 7. Nonstationary interpolation
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